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A metric space X is called h-homogeneous if Ind X = 0 and each nonempty open-closed
subset of X is homeomorphic to X . We describe how to assign an h-homogeneous space
of ﬁrst category and of weight k to any strongly zero-dimensional metric space of weight
 k. We investigate the properties of such spaces. We show that if Q is the space of
rational numbers and Y is a strongly zero-dimensional metric space, then Q × Yω is
an h-homogeneous space and F × Q × Yω is homeomorphic to Q × Yω for any Fσ -subset
F of Q × Yω . L. Keldysh proved that any two canonical elements of the Borel class α are
homeomorphic. The last theorem is generalized for the nonseparable case.
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0. Introduction
All topological spaces under discussion are metrizable and strongly zero-dimensional (i.e., Ind X = 0).
The aim of this paper is to describe how to assign an h-homogeneous space h(X,k) of ﬁrst category and of weight k to
any strongly zero-dimensional metric space X of weight  k. Using this construction, we generalize for the nonseparable
case the L. Keldysh theorem [4] stating that any two canonical elements of class α are homeomorphic.
Let X be a space of weight  k. We shall show (see Theorems 6 and 8) that the family Hk(X) = {Y : w(Y ) = k, Y is
an h-homogeneous space of ﬁrst category, and Y contains a closed copy of X} has a unique (up to homeomorphism) element
h(X,k) such that every Y ∈ Hk(X) contains a closed copy of h(X,k). This element is called the h-homogeneous extension of
the space X of weight k with respect to spaces of ﬁrst category. Brieﬂy, h(X,k) is the h-homogeneous extension of X . The proof
of Theorem 6 gives a direct construction of the space h(X,k) for any space X .
Theorem 7 states that if X is an h-homogeneous space of weight k, then h(X,k) ≈ Q × X . This case is the simplest.
A topological characterization of Q × X for an h-homogeneous space X was studied by van Mill [9] (in the separable case)
and by Ostrovsky [10]. For an arbitrary space X the product Q × X might not be h-homogeneous.
Theorem 4 implies that every h-homogeneous space X of ﬁrst category is homeomorphic to the product Q × X . This
result suggests the following
Question. Let X be an h-homogeneous space of ﬁrst category and Q be the space of rational numbers. Is there
an h-homogeneous space Y such that X is homeomorphic to Q × Y and Y is not of ﬁrst category?
Theorem 10 shows that h(X,k) is homeomorphic to h(Y ,k) if and only if X ∈ σ LF(Y ) and Y ∈ σ LF(X). We also ob-
tain (see Theorem 11) that the Cartesian product of the h-homogeneous extensions of two spaces is homeomorphic to
the h-homogeneous extension of the product of these spaces.
Let us recall the L. Keldysh deﬁnition [4] of a canonical element of the Borel class α, where α is a countable ordinal.
Put Mα = {X ⊆ B(ω): X is of multiplicative class α}. A set U ∈ Mα is called universal for Mα if for each X ∈ Mα there
E-mail address:medv@is74.ru.0166-8641/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2010.08.021
2820 S.V. Medvedev / Topology and its Applications 157 (2010) 2819–2828exists a perfect set P ⊂ B(k) with P ∩ U ≈ X . A set E ∈ Mα of ﬁrst category is called a canonical element of class α if it is
everywhere universal for Mα . L. Keldysh proved [4] that any two canonical elements of class α are homeomorphic. Using
the last theorem, Ostrovsky (see [11,12]) established that each canonical element of class α is homeomorphic to Q × Mα−1
(3  α < ω) or Q × Mα (ω  α < ω1). Note that the Ostrovsky sets Mα are slightly differed from our sets Mα(ω) (see
below). Of course, the sets Mα and Mα(ω) are similar to the Sikorski sets [13].
Now, we generalize the deﬁnition of a canonical element. Let U be a family of subsets of the Baire space B(k). A set
U ∈ U is called universal for U if for each X ∈ U there exists a perfect set P ⊂ B(k) with P ∩ U ≈ X . A set E ∈ U of ﬁrst
category is called a canonical element for U if it is everywhere universal for U .
Let us analyze the last deﬁnition. Firstly, according to Theorem 1, it appears that E is an h-homogeneous space of ﬁrst
category. From Theorem 4 it follows that if we take another canonical element E1 for U , then E ≈ E1. So, the uniqueness of
a canonical element does not depend on the structure of members of U . Secondly, the existence of a canonical element for
U is included in the deﬁnition. However, the family {point,point⊕point} is an example of a family without a canonical ele-
ment. Thirdly, Theorem 12 shows that we always can ﬁnd a necessary perfect set P . This allows us to consider Theorem 12
as a general theorem for canonical elements. Roughly, it states that if a subset E ⊆ B(k) of ﬁrst category is a canonical
element for U , then U ⊆ {T ⊆ B(k): T is homeomorphic to a closed subset of E} and E ∈ U .
L. Keldysh aspired to represent any separable Borel set as a countable union of (the simplest) canonical elements (includ-
ing the one-point set and B(ω) into the list of canonical elements). Therefore, she did not consider sets strictly of additive
class α as canonical elements. However, our aim is another. So, we deal with canonical elements of multiplicative class α
and of additive class α. Take an ordinal α and a cardinal k with 3  α < k+ . We show that for any cardinal τ such that
α < τ+ and τ  k there exists a unique (up to homeomorphism) canonical element of multiplicative (of additive) class α
and of type (k, τ ) (see Section 5). Of course, these elements are not homeomorphic if τ1 = τ2. To give concrete expression
to a canonical element of multiplicative class α we study the product X × Yω with an h-homogeneous space X of ﬁrst cate-
gory. Using Theorem 5, we observe that any canonical element of multiplicative class α and of type (k, τ ) is homeomorphic
to Q (k) × Mα(τ ).
The paper is organized as follows: in Section 1 we establish notation and give some lemmas concerning the family
σ LF(X) for a space X . In Section 2 we recall some properties of h-homogeneous spaces of ﬁrst category and investigate the
product X × Yω with an h-homogeneous space X of ﬁrst category. In Section 3 we study the properties of h-homogeneous
extensions of spaces. Section 4 is devoted to general canonical elements. In Section 5 we give a brief introduction in the
theory of extended Borel sets and describe canonical elements for the family of extended Borel sets.
1. Notation and some lemmas
For all undeﬁned terms and notation see [2]. X ≈ Y means that X and Y are homeomorphic spaces. Let P be a topolog-
ical property. Then a space X is nowhere P if no nonempty open subset of X has property P . A space X is everywhere P if
each nonempty open subset of X has property P .
We identify cardinals with initial ordinals; in particular, ω = ℵ0 = {0,1,2, . . .} and N = {1,2, . . .}. For every inﬁnite
cardinal k let B(k) = kω be the Baire space of weight k (see [2]). For a point x = (x0, x1, . . .) ∈ kω we denote by xn the
n-tuple (x0, x1, . . . , xn−1). Let k0 = 0 and k1 = k. If t ∈ kn and tn ∈ k, then t∧tn = (t0, . . . , tn−1, tn) ∈ kn+1. For an n-tuple t ∈ kn
we denote by Bt(k) the Baire interval {x ∈ kω: xn = t}.
A space X is called of ﬁrst category (or meager) if X =⋃{Xi: i ∈ ω}, where each Xi is a nowhere dense set. We can
assume without loss of generality that each Xi is a nowhere dense closed subset of X .
A clopen set is a set which is both closed and open. A strongly zero-dimensional space X is called h-homogeneous (or
strongly homogeneous [9]) if every nonempty clopen subset of X is homeomorphic to X . Each h-homogeneous space is
homogeneous, but the converse is false. For example, if we delete a point from the Cantor set C , we obtain a homogeneous,
not h-homogeneous space. For a space X let u(X) = {Y : Ind Y = 0 and every nonempty clopen subset V ⊂ Y contains
a closed copy of X}. A space Y is called u-homogeneous with respect to the space X if Y ∈ u(X). A space X is said to be
u-homogeneous if X ∈ u(X). It is clear that each h-homogeneous space is a u-homogeneous space. For a cardinal k put
Ek = {X: Ind X = 0 and every nonempty open subset of X has weight k}. Evidently, if X is a u-homogeneous space, then
X ∈ Ek for k = w(X).
For a family U of subsets of X let ⋃U =⋃{U : U ∈ U} and meshU = sup{diam(U ): U ∈ U}. Next, if f : X → Y is a
mapping, then we write f (U) = { f (U ): U ∈ U}.
For a space X deﬁne a family LF(X) = {Y : each point y ∈ Y lies in some clopen neighborhood that is homeomorphic to
a closed subset of X}. A space Y ∈ σ LF(X) if Y =⋃{Yi: i ∈ ω}, where each Yi ∈ LF(X) and each Yi is a closed subset of Y .
From the locally ﬁnite sum theorem and the Katetov–Morita theorem (see [2]) we obtain the following lemma.
Lemma 1. If Ind X = 0 and Y ∈ σ LF(X), then Ind Y = 0.
Lemma 2. Suppose Ind X = 0, Y ∈ σ LF(X), and Y is a space of ﬁrst category. Then Y =⋃{Yi: i ∈ ω}, where each Yi ∈ LF(X) and
each Yi is a nowhere dense closed set of Y .
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the other hand, Y =⋃{B j: j ∈ ω}, where each B j is closed in Y and B j ∈ LF(X). The nonempty intersections Ai ∩ B j form
the required cover of Y . 
Lemma 3. Let Ind X = 0. If Y ∈ σ LF(X) and Z ∈ σ LF(Y ), then Z ∈ σ LF(X).
Proof. By the deﬁnition, Z =⋃{Zn: n ∈ ω}, where each Zn is closed in Z and Zn ∈ LF(Y ). Since Ind(Zn) = 0 for any n ∈ ω,
we obtain Zn =⊕{Zn,s: s ∈ Sn}, where every Zn,s is clopen in Zn and every Zn,s is homeomorphic to a closed subset of Y .
Hence, Zn,s =⋃{Zn,s,i: i ∈ ω}, where every Zn,s,i ∈ LF(X). The closed set Z∗n,i =
⋃{Zn,s,i: s ∈ Sn} belongs to the family
LF(X); thus, Z =⋃{Z∗n,i: n ∈ ω, i ∈ ω} ∈ σ LF(X). 
2. Some properties of h-homogeneous spaces
In the next sections we shall use the following statements.
Theorem 1. Every u-homogeneous space of ﬁrst category is h-homogeneous.
In [6] we proposed to consider the space Q (k) = {(x0, x1, . . .) ∈ kω: ∃i, ∀ j ( j  i ⇒ x j = 0)} as a nonseparable analogue
of weight k for the space Q of rational numbers. A topological description of the space Q (k) is given by the following
theorem [6].
Theorem 2. Let X be a σ -discrete metric space of weight k that is homogeneous with respect to weight. Then X is homeomorphic to
Q (k).
Theorem 3. Let X be a u-homogeneous space of ﬁrst category. If Y ∈ σ LF(X) and w(Y )  w(X), then Y is homeomorphic to a
nowhere dense closed subset of X . In particular, X contains a nowhere dense closed copy of itself.
Lemma 4. Let F be a nowhere dense closed subset of a strongly zero-dimensional space X, G be a nowhere dense closed subset of an
h-homogeneous space Y , F ≈ G, and every nonempty clopen subset of X contains a nowhere dense closed copy of Y . Then there exists
a nowhere dense closed subset F ∗ of X such that F ⊆ F ∗ and F ∗ ≈ Y .
Proof. Fix a homeomorphism h0 : F → G , a retraction rX : X → X with rX (X) = F , and a retraction rY : Y → Y with
rY (Y ) = G .
For each i ∈ ω we construct inductively families Ui = {Ui(γ ): γ ∈ Γi} of disjoint clopen subsets of X and Vi =
{Vi(γ ): γ ∈ Γi} of disjoint clopen subsets of Y such that
(1) U0 = {X} and V0 = {Y };
(2)
⋃Ui is clopen in X and
⋃Vi is clopen in Y ;
(3)
⋂{⋃Ui: i ∈ ω} = F and ⋂{⋃Vi: i ∈ ω} = G;
(4) meshUi  i−1 and meshVi  i−1 for i  1;
(5) each U ∈ Ui+1 is contained in some U∗ ∈ Ui and each V ∈ Vi+1 is contained in some V ∗ ∈ Vi ;
(6) for each U ∈ Ui the set U = U \⋃Ui+1 is nonempty and clopen in X and for each V ∈ Vi the set V = V \⋃Vi+1 is
nonempty and clopen in Y ;
(7) h0(Ui(γ ) ∩ F ) = Vi(γ ) ∩ G for each γ ∈ Γi .
Deﬁne U0 and V0 as in (1). Let Γ0 = {0}. Now suppose U j , V j , and Γ j have been deﬁned for j  i. Fix γ ∈ Γi .
For simplicity, let U = Ui(γ ), V = Vi(γ ), and ε = (3i + 3)−1. Take a disjoint clopen (in U ∩ F ) cover W1 of U ∩ F
with meshW1  ε and a disjoint clopen (in V ∩ G) cover W2 of V ∩ G with meshW2  ε. The nonempty intersec-
tions {A ∩ B: A ∈ W1, B ∈ h−10 (W2)} form the disjoint clopen cover W of U ∩ F with meshW  ε. Then h0(W)
is a disjoint clopen cover of V ∩ G with meshh0(W)  ε. Since F is nowhere dense in X , there exists a nonempty
clopen subset DU ⊂ U such that DU ∩ F = ∅. The ε-ball about U ∩ F contains a clopen (in X ) subset BU such that
U ∩ F ⊂ BU . Put U = DU ∪ (U \ BU ) and WU = {(BU \ DU ) ∩ r−1X (W ): W ∈ W}. It is clear that meshWU  3ε. Sim-
ilarly, the ε-ball about V ∩ G contains a clopen (in Y ) subset BV such that V ∩ G ⊂ BV and V = V \ BV = ∅. Let
WV = {BV ∩ r−1Y (W ): W ∈ h0(W)}.
Deﬁne Ui+1 = {WU : U ∈ Ui} and Vi+1 = {WV : V ∈ Vi}. By construction, we can take a set Γi+1 of indexes such that
Ui+1 = {Ui+1(γ ): γ ∈ Γi+1}, Vi+1 = {Vi+1(γ ): γ ∈ Γi+1}, and (7) is satisﬁed. Clearly, meshUi+1  3ε = (i + 1)−1 and
meshVi+1  (i + 1)−1. This completes the induction.
By construction, we have Y = G ∪ (⋃{Vi(γ ): γ ∈ Γi, i ∈ ω}).
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there exists a homeomorphism hi,γ : Fi(γ ) → Vi(γ ). The set F ∗ = F ∪ (⋃{Fi(γ ): γ ∈ Γi, i ∈ ω}) is nowhere dense and
closed in X . Deﬁne a mapping h : F ∗ → Y as follows: h(x) = h0(x) if x ∈ F ; h(x) = hi,γ (x) if x ∈ Fi(γ ). We claim that h is
a homeomorphism. Since Fi(γ ) ∩ F j(β) = ∅ if (i, γ ) = ( j, β), h is well deﬁned. Clearly, h is a bijection. Since each Fi(γ )
is clopen in F ∗ and each Vi(γ ) is clopen in Y , the restriction h|(F ∗ \ F ) is a local homeomorphism. Take a point x ∈ F .
Let V be a neighbourhood of the point y = h(x) ∈ G . By (3) and (4) there exist i ∈ ω and γ ∈ Γi such that y ∈ Vi(γ ) ⊆ V .
Using (7), we obtain that the set Ui(γ ) ∩ F ∗ = h−1(Vi(γ )) is open in F ∗; hence, h is continuous at x. Similarly, h−1 is
continuous at any point y ∈ G . 
Theorem 4. Suppose X and Y are h-homogeneous spaces of ﬁrst category such that w(X) = w(Y ), Y ∈ σ LF(X), and X ∈ σ LF(Y ).
Then X is homeomorphic to Y .
Proof. Since X is of ﬁrst category, we have X =⋃{Xi: i ∈ ω}, where each Xi is a nowhere dense closed subset of X . From
Theorem 3 it follows that Y contains a nowhere dense closed copy of X . Then each Xi is homeomorphic to a nowhere
dense closed subset of Y . Similarly, each nonempty clopen subset of X contains a nowhere dense closed copy of Y . Hence,
by Lemma 4, for each i ∈ ω there exists a nowhere dense closed subset X∗i of X such that Xi ⊆ X∗i and X∗i ≈ Y . Clearly,
X =⋃{X∗i : i ∈ ω}. By virtue of the Ostrovsky theorem [10], X ≈ Q × Y . Theorem 3 implies that every nonempty clopen
subset of Y contains a nowhere dense closed copy of Y . As above, we have Y ≈ Q × Y . Thus, X ≈ Y . 
Remark 1. Note that Lemma 4 is true (see [7]) for any metric space X (if we will use canonical closed subsets of X instead
of clopen subsets). In this paper we deal with strongly zero-dimensional metric spaces; therefore, our proof is modiﬁed for
this case.
Theorem 1 was established by Ostrovsky [12]. Theorem 3 was proved in [8]. Under the additional condition “Y is of
ﬁrst category” Theorem 3 was obtained in [7]. Theorem 4 was proved in [7]. In [5] we obtained that if X and Y are both
h-homogeneous spaces of ﬁrst category such that each space contains a nowhere dense closed copy of another space, then
X ≈ Y . This theorem was the ﬁrst variant of Theorem 4. Ostrovsky [12] showed that if X and Y are spaces of ﬁrst category
such that X ∈ u(Y ) and Y ∈ u(X), then X ≈ Y . Theorem 5 is new.
Theorem 5. Let X be an h-homogeneous space of ﬁrst category. Then for any strongly zero-dimensional space Y the product Z =
X × Yω is an h-homogeneous space of ﬁrst category.
Furthermore, if X × X ≈ X, then F × Z ≈ Z for any Fσ -subset F of Z .
Proof. Clearly, Z is of ﬁrst category. Let Yω = Π{Yi: i ∈ ω}, where each Yi = Y . By the deﬁnition of the topology of the
Cartesian product, for each open subset U of Z there exist clopen subset W ⊆ X , n ∈ ω, and open subsets V i ⊆ Yi for i  n
such that U contains the product W ×Π{Vi: i  n}×Π{Yi: i > n}. Fix a point q ∈ Π{Vi: i  n}. Then W ×{q}×Π{Yi: i > n}
is homeomorphic to Z . Hence Z is u-homogeneous. From Theorem 1 it follows that Z is an h-homogeneous space.
Now assume that X × X ≈ X . Take an Fσ -subset F of Z . It follows from Theorem 3 that F is homeomorphic to a closed
subset H of Z . Clearly, H × Z is of ﬁrst category. Using Z ≈ (X × Yω) × (X × Yω), we see that Z contains a closed copy of
H × Z . Each clopen subset U of H × Z contains a canonical subset U1 × U2, where U1 is a clopen subset of H and U2 is a
clopen subset of Z . Since Z is an h-homogeneous space, we have U2 ≈ Z . Then U contains a closed copy of H × Z . Hence,
H × Z is u-homogeneous. Theorem 1 implies that H × Z is an h-homogeneous space. Hence, by Theorem 4, H × Z ≈ Z . So,
F × Z ≈ Z . 
Corollary 1. Let Ind Y = 0. Then Q × Yω is an h-homogeneous space of ﬁrst category.
Corollary 2. Let Ind Y = 0 and F be an Fσ -subset of Q × Yω . Then Q × Yω ≈ F × Q × Yω .
Corollary 3. Let Ind Y = 0, Yω be a space of ﬁrst category, and F be an Fσ -subset of Yω . Then F × Yω ≈ Yω .
Proof. Clearly, the space X = Yω is u-homogeneous. By Theorem 1 X is h-homogeneous. Since Yω ≈ Yω ×Yω , we can apply
Theorem 5. 
Remark 2. Ostrovsky [11] proved that if X contains a nonempty open subset of ﬁrst category, then Xω is of ﬁrst category.
3. h-Homogeneous extensions
Theorem 6. Let X be a strongly zero-dimensional metric space of weight  k. There exists a unique (up to homeomorphism) h-
homogeneous space Z of ﬁrst category such that w(Z) = k, Z ∈ σ LF(X), and Z ∈ u(X).
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can assume that X ⊂ B(τ ). For t = (t0, . . . , ti−1) ∈ τ i , i ∈ N , we deﬁne a translation mapping ψt : B(τ ) → B(τ ) by the rule
ψt(x) = (t0, . . . , ti−1, x0, x1, . . .). When i = 0 and t ∈ τ i , let ψt be an identity mapping. It is clear that X ≈ ψt(X) for every
t ∈ τ i . Let Xi =⋃{ψt(X): t ∈ τ i}, where i ∈ ω.
Let D0 = {(0,0, . . .)}. For any i ∈ N take a metrically discrete set
Di =
{
d = (d0,d1, . . .) ∈ kω: di−1 = 0, di = di+1 = · · · = 0
};
then the set D =⋃{Di: i ∈ ω} is dense in the Baire space B(k) and Di ∩ D j = ∅ whenever i = j. For any i ∈ ω take the
subset Zi = Xi × Di of the product B(τ ) × B(k). Then Zi ∩ Z j = ∅ whenever i = j, and the set Z =⋃{Zi: i ∈ ω} ∈ u(X).
For every i ∈ ω and for every point d ∈ Di the set
Z ∩ (B(τ ) × {d})≈
⊕{
ψt(X): t ∈ τ i
} ∈ LF(X).
Each set Zi is closed in Z ; therefore, Z ∈ σ LF(X). Since every Di is a nowhere dense subset of D , we see that every Zi
is nowhere dense in Z ; this implies that Z is a set of ﬁrst category.
The set D is dense in B(k) and the union
⋃{Xi: i ∈ ω} is dense in B(τ ), hence the set Z is dense in the product
B(τ ) × B(k). Thus, Z ∈ Ek .
Suppose we are given a canonical clopen set Utα = Z ∩ (Bt(τ ) × Bα(k)), where t ∈ τ i , α = (α0, . . . ,αi−1) ∈ ki , i ∈ N ,
and αi−1 = 0. Deﬁne a one-to-one mapping gtα : Z → Utα by the rule gtα(x,d) = (ψt(x),ϕα(d)) whenever ϕα(d) =








{Z j: j ∈ ω}
)
∩ Utα = Z ∩ Utα = Utα.
The translation mapping gtα is continuous and open; hence, gtα is a homeomorphism and Utα ≈ Z .
For any clopen subset V ⊂ Z there exist some i ∈ N , t ∈ τ i , and α ∈ ki such that αi−1 = 0 and Utα ⊂ V ; therefore, V
contains a closed copy of Z . Thus, Z ∈ u(Z). By virtue Theorem 1 the space Z is h-homogeneous.
Let Y be any h-homogeneous space of ﬁrst category such that Y ∈ σ LF(X), Y ∈ u(X), and w(Y ) = k. By Lemma 3
Y ∈ σ LF(Z) and Z ∈ σ LF(Y ). It follows from Theorem 4 that the spaces Y and Z are homeomorphic. 
Remark 3. The set Z that is constructed in Theorem 6 is called the h-homogeneous extension of the space X of weight k with
respect to spaces of ﬁrst category and is denoted by h(X,k). According to Theorem 4, the topological characteristic of the space
Z does not depend on a choice of an embedding of X into the Baire space B(τ ). So, our deﬁnition is well deﬁned. It follows
from Theorem 8 that this deﬁnition is equivalent to the deﬁnition of h(X,k) which is given in the Introduction.
Remark 4. The Cantor set C = 2ω is universal for separable zero-dimensional metric spaces. Therefore, in the case k = ω we
can modify the proof of Theorem 6 and construct the set Z ⊂ 2ω × 2ω .
Corollary 4. Let X be an h-homogeneous space of ﬁrst category and of weight k. Then X is homeomorphic to h(X,k).
Corollary 5. Let Ind X = 0 and w(X) k. Then h(X,k) ≈ h(h(X,k),k).
Proof. Using Corollary 4 for a space Y = h(X,k), we obtain the corollary. 
The following theorem observes the simplest case for constructing the h-homogeneous extension of a space.
Theorem 7. Let X be an h-homogeneous space of weight  k. Then the space h(X,k) is homeomorphic to the product Q (k) × X.
Proof. Note that the space Q (k) is σ -discrete and Q (k) ∈ Ek; therefore, the product Q (k)× X satisﬁes all the conditions of
Theorem 6. This implies that h(X,k) ≈ Q (k) × X . 
Corollary 6. Let Ind X = 0 and w(X) k1  k2 . Then h(X,k2) ≈ Q (k2) × h(X,k1).
Corollary 7. Let Ind X = 0 and w(X) k. Then h(X,k) ≈ Q × h(X,k).
Theorem 8. Let X be a space of weight k, Ind X = 0, and Y ∈ Hk(X). Then Y contains a nowhere dense closed copy of h(X,k).
Proof. Since h(X,k) ∈ σ LF(Y ), the theorem follows from Theorem 3. 
2824 S.V. Medvedev / Topology and its Applications 157 (2010) 2819–2828Theorem 9. Let Ind X = 0, Y ∈ σ LF(X), and kmax{w(X),w(Y )}. Then h(Y ,k) is homeomorphic to a nowhere dense closed subset
of h(X,k).
Proof. From Lemma 3 and Theorem 3 it follows that the space h(X,k) contains a closed copy of Y . Then h(X,k) ∈ Hk(Y ).
Theorem 8 implies that h(X,k) contains a nowhere dense closed copy of h(Y ,k). 
Theorem 10. Suppose X and Y are strongly zero-dimensional metric spaces of weight  k. Then h(X,k) is homeomorphic to h(Y ,k)
if and only if X ∈ σ LF(Y ) and Y ∈ σ LF(X).
Proof. Since h(X,k) ≈ h(Y ,k), we have h(X,k) ∈ σ LF(Y ). By deﬁnition, the space h(X,k) contains a closed copy of X . Then
X ∈ σ LF(Y ). Similarly, we obtain the second inclusion.
Conversely, Lemma 3 implies that if X ∈ σ LF(Y ), then h(X,k) ∈ σ LF(h(Y ,k)). Likewise, h(Y ,k) ∈ σ LF(h(X,k)). It remains
to apply Theorem 4. 
Remark 5. Theorem 10 shows when spaces have homeomorphic h-homogeneous extensions.
Theorem 11. Suppose Ind X = Ind Y = 0 and k  max{w(X),w(Y )}. Then the product h(X,k) × h(Y ,k) is homeomorphic to
h(X × Y ,k).
Proof. Let X and Y be subsets of the Baire space B(τ ), where τ = max{w(X),w(Y )}. As above, for t ∈ τ i , i ∈ N , deﬁne
a translation mapping ψt : B(τ ) → B(τ ). For any i ∈ N take sets Di = {(d0,d1, . . .) ∈ kω: di−1 = 0, di = · · · = 0}, Xi =⋃{ψt(X): t ∈ τ i}, Yi =⋃{ψt(Y ): t ∈ τ i}, and Zi = Xi × Yi × Di . For example,
Z1 ≈
⊕{
ψt(X) × ψs(Y ) ×
{
(d0,0,0, . . .)
}
: t ∈ τ , s ∈ τ , d0 ∈ k, d0 = 0
}
.
The set Z =⋃{Zi: i ∈ N} is dense in the product B(τ ) × B(τ ) × B(k); hence, Z ∈ Ek . Each Zi is a nowhere dense closed
subset of Z ; this implies that Z is a set of ﬁrst category and Z ∈ σ LF(X × Y ). By construction, Z ∈ u(X × Y ); therefore, from
Theorem 6 it follows that Z ≈ h(X × Y ,k).
For any i ∈ N take sets Xˆi = Xi × Di and Yˆ i = Yi × Di in the product B(τ ) × B(k). As above, the set Xˆ =⋃{ Xˆi: i ∈ N}
is homeomorphic to h(X,k) and the set Yˆ =⋃{Yˆ i: i ∈ N} is homeomorphic to h(Y ,k). The product of two h-homogeneous
spaces is h-homogeneous (see [7, Lemma 2.3]); hence, the space Xˆ × Yˆ is h-homogeneous.
Since the set Xˆ × Yˆ contains a closed copy of X × Y , we see that each Zi ∈ LF( Xˆ × Yˆ ); hence, Z ∈ σ LF( Xˆ × Yˆ ). Similarly,
Xˆ × Yˆ ∈ σ LF(Z). The spaces Z and Xˆ × Yˆ are sets of ﬁrst category and w(Z) = w( Xˆ × Yˆ ). Now by Theorem 4 the spaces Z
and Xˆ × Yˆ are homeomorphic. 
Corollary 8. Suppose Ind X = Ind Y = 0, w(X) k1 , w(Y ) k2 , and k = max{k1,k2}. Then h(X,k1)×h(Y ,k2) is homeomorphic to
h(X × Y ,k).
Proof. Let k1  k2. From Corollary 6 and Theorem 11 it follows that
h(X,k1)× h(Y ,k2) ≈ h(X,k1)×
(
Q (k) × h(Y ,k2)
)≈ (Q (k) × h(X,k1)
)× h(Y ,k2)
≈ h(X,k) × h(Y ,k) ≈ h(X × Y ,k). 
Example 1. Let X be a one-point set. Then h(X,k) ≈ Q (k).
Example 2. Let C be the Cantor set. Then h(C ⊕ {point},k) ≈ Q (k) × C .
4. Canonical elements
Recall the deﬁnition of a canonical element. Let U be a family of subsets of the Baire space B(k). A set U ∈ U is called
universal for U if for each X ∈ U there exists a perfect set P ⊂ B(k) such that P ∩ U ≈ X . A set E ⊂ B(k) of ﬁrst category is
called a canonical element for U if it is everywhere universal for U .
Lemma 5. For every subset A ⊂ B(k) of ﬁrst category there exists a closed subset H ⊂ B(k) such that H ∩ A = ∅ and H ≈ B(k).
Proof. Let A =⋃{Ai: i ∈ ω}, where each Ai is nowhere dense in B(k). Then the closure Ai is nowhere dense in B(k).
Clearly, A ⊆⋃{Ai: i ∈ ω}.
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(1)
⋃Vi is clopen in B(k) and meshVi  (i + 1)−1;
(2)
⋃{Vi+1(t∧ti): ti ∈ k} ⊆ Vi(t) for each t ∈ ki and ⋃Vi+1 ⊆⋃Vi ;
(3) (
⋃Vi) ∩ (⋃{A j: j  i}) = ∅.
Since A0 is nowhere dense in B(k), there exists a clopen subset V0(0) such that V0(0) ∩ A0 = ∅. Let V0 = {V0(0)}.
Assume that the families V0, V1, . . . ,Vi are already deﬁned. Fix a t ∈ ki . The set A∗i+1 =
⋃{A j: j  i + 1} is nowhere dense
in B(k). Then the set Vi(t) \ A∗i+1 contains a Baire interval Bs(k) for a tuple s ∈ km with m i + 1. Let Vi+1(t∧ti) = Bs∧ti (k)
for each ti ∈ k. Deﬁne Vi+1 = {Vi+1(t∧ti): t ∈ ki, ti ∈ k}. Clearly, the conditions (1)–(3) are satisﬁed. This completes the
induction.
The set H = ⋂{⋃Vi: i ∈ ω} is closed in B(k). For each ξ ∈ kω , by the Cantor theorem (see [2]), the intersection⋂{Vi(ξi): i ∈ ω} is a nonempty one-point set. By construction, H ≈ B(k). It follows from (3) that H ∩ (⋃{Ai: i ∈ ω}) = ∅.
Thus, H ∩ A = ∅. 
Theorem 12. Let E be an h-homogeneous subset of ﬁrst category of B(k), w(E) = k, and U be a family of subsets of B(k). Then E is a
canonical element for U if and only if U ⊆ {T ⊆ B(k): T ∈ σ LF(E)} and E ∈ U .
Proof. Let E be a canonical element for U . By deﬁnition, E ∈ U and for any X ∈ U there exists a perfect set P ⊂ B(k) such
that P ∩ E ≈ X . Then the set P ∩ E is closed in E . So, U ⊆ {T ⊆ B(k): T ∈ σ LF(E)}.
Conversely, since E ∈ U , we have E ∈ u(E). Theorem 1 implies that E is h-homogeneous. Take a clopen (in E) subset
V ⊆ E and any T ∈ U . Then T ∈ σ LF(E). By Theorem 3 E contains a nowhere dense closed copy of T . Since E is h-
homogeneous, T ≈ F for a nowhere dense closed subset F ⊂ V . Then the closure F is nowhere dense in B(k). By Lemma 4
with Y = B(k), there exists a nowhere dense closed subset F ∗ ⊂ B(k) such that F ⊆ F ∗ and F ∗ ≈ B(k). Clearly, F ∗ is a perfect
subset of B(k). From Lemma 5 it follows that we can choose the closed sets Fi(γ ) ⊂ Ui(γ ), which were constructed in
the proof of Lemma 4, such that Fi(γ ) ∩ E = ∅. Since F ∗ = F ∪ (⋃{Fi(γ ): γ ∈ Γi, i ∈ ω}), we have F ∗ ∩ V = F ≈ T . Thus,
V is universal for U . 
Theorem 13. Let Ind Y = 0, w(Y ) k, and E ⊂ B(k). Then E is a canonical element for the family U = {T ⊆ B(k): T ∈ σ LF(Yω)} if
and only if E ≈ Q (k) × Yω .
Proof. According to Theorem 5, X = Q (k) × Yω is an h-homogeneous space of ﬁrst category. Clearly, w(X) = k. Since the
space Q (k) is σ -discrete, we have X ∈ σ LF(Yω). From Lemma 3 it follows that σ LF(X) = σ LF(Yω).
Suppose E is a canonical element for the family U . By deﬁnition, E is of ﬁrst category and E ∈ u(E). Theorem 1 implies
that E is h-homogeneous. The set E contains a closed copy of X . Then w(E) = k. Since E ∈ σ LF(X), Theorem 4 implies that
E ≈ X = Q (k) × Yω .
Now, let E ≈ Q (k) × Yω . Since σ LF(X) = σ LF(Yω), Theorem 12 implies that E is a canonical element for the family
{T ⊆ B(k): T ∈ σ LF(Yω)}. 
5. Applications to extended Borel sets
Below we obtain a scheme of an employment Theorems 6 and 12 respect to the family of extended Borel sets. The fol-
lowing theorem was proved in [7].
Theorem 14. Let X be an absolute Fσ -set, X ∈ Ek, and X be nowhere σ -discrete and nowhere compact. Then the space X is homeo-
morphic to the product Q (k) × C , where C is the Cantor set.
Proof. By virtue of the Stone theorem [15] X is a σ -locally compact space, so X ∈ σ LF(C). Since X is a nowhere compact
space, we see that X is a set of ﬁrst category. Under the conditions of the theorem, X is a nowhere σ -discrete space; hence
by the El’kin theorem [1] we have X ∈ u(C). From Theorem 6 it follows that X ≈ Q (k) × C . 
Hansell [3] deﬁned the family of extended Borel sets of a space X to be the smallest σ -algebra of subsets of X , containing
the opens sets, and closed with respect to unions of discrete subfamilies. The extended Borel sets of a separable space
coincide with the classical Borel sets. For an ordinal α let Σ0α(k) and Π
0
α(k) denote, respectively, the extended Borel subsets
of the Baire space B(k) of additive and multiplicative class α, starting with Σ01 (k) = Open and Π01 (k) = Closed; in particular,
Π03 = Fσδ . The successor of a cardinal k is denoted by k+ . From the classiﬁcation theorem (see [3, Theorem 2.7]) it follows
that for every extended Borel set X ⊆ B(k) there exists an ordinal α such that X ∈ Σ0α(k) ∪ Π0α(k) and α < k+ . On the
other hand, for each ordinal α, where α < k+ , Hansell [3] constructed subsets Mα(k) and Aα(k) of B(k) of multiplicative
and additive class α, respectively, and which are not of any lower class. Hansell used the Hausdorff classiﬁcation for Borel
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α(k)); therefore, we slightly change the deﬁnitions of Mα(k) and Aα(k).
Fix homeomorphisms g : B(k)ω → B(k) and h : (kB(k))ω → B(k). Let M1(k) be any (ﬁxed) one-point subset of B(k) and
A1(k) = B(k) \M1(k). If α = β +1, we deﬁne Mα(k) = g((Aβ(k))ω) and Aα(k) = B(k) \Mα(k). If α is a limit ordinal, we ﬁrst
deﬁne Dα(k) =⊕{Aβ : β < α} ⊂ kB(k), and put Cα(k) = kB(k)\Dα(k). Then Mα(k) = h((Cα(k))ω) and Aα(k) = B(k)\Mα(k).
Thus the sets Mα(k) and Aα(k) are deﬁned for all α < k+ . Note that w(Mα(k)) = w(Aα(k)) = k for all 1 α < k+ (except
M1(k)).
We say (see [16]) that a space X is σ -locally of weight < τ (in symbols, X ∈ σ LW(<τ)) if X =⋃{Xi: i ∈ ω}, where each
Xi (in its relative topology) is locally of weight < τ . In particular, a space X ∈ σ LW(<ω+) if it is a countable union of locally
separable sets. Stone [16] proved that the Baire space B(τ ) is nowhere σ LW(<τ).
Let Π0α(k, τ ) = Π0α(k) ∩ σ LW(<τ+) and Σ0α(k, τ ) = Σ0α(k) ∩ σ LW(<τ+).
For a cardinal k take a cardinal τ  k and an ordinal α < τ+ . A set E ⊂ B(k) of ﬁrst category is called a canonical element
of multiplicative class α and of type (k, τ ) if every nonempty clopen (in E) subset V ⊆ E is universal for the family Π0α(k, τ ).
Clearly, E ∈ Ek . Similarly, we deﬁne a canonical element of additive class α and of type (k, τ ).
Lemma 6. Let α < τ+ . Then every Π0α(τ )-set is homeomorphic to a closed subset of B(τ ) × Mα(τ ) and every Σ0α(τ )-set is homeo-
morphic to a closed subset of B(τ ) × Aα(τ ).
Proof. Let X ∈ Π0α(τ ). Hansell proved (see [3, Lemma 2.18]) that there exists a continuous mapping f : B(τ ) → B(τ ) such
that X = f −1(Mα(τ )). The graph G( f ) is closed in B(τ ) × B(τ ). Hence, the intersection Y = G( f ) ∩ (B(τ ) × Mα(τ )) is a
closed subset of B(τ ) × Mα(τ ). It is clear that X ≈ Y . The proof for the second part of the lemma is similar. 
Theorem 15. Let ω  τ  k and 3 α < τ+ . A subset E ⊂ B(k) is a canonical element of multiplicative class α and of type (k, τ ) if
and only if E is homeomorphic to the space Q (k) × Mα(τ ).
Proof. Deﬁne Y as follows: Y = Aβ(τ ) if α = β + 1; or Y = Cα(τ ) if α is a limit ordinal. By construction, Q × Mα(τ ) ≈
Q × Yω .
Let us show that the family U = {T ⊆ B(k): T ∈ σ LF(Yω)} coincides with Π0α(k, τ ).
Take any T ∈ U . Then T =⋃{Ti,γ : i ∈ ω,γ ∈ Γi}, where each Ti,γ is homeomorphic to a closed subset of Yω , Ti,γ ∩Ti,δ =
∅ whenever γ = δ, the set Ti =⋃{Ti,γ : γ ∈ Γi} is closed in T for each i, and each Ti,γ is clopen in Ti . Since w(Yω) = τ ,
we have T ∈ σ LW(<τ+). Since α  3, we see [3] that Yω is absolutely of multiplicative class α. Hence, each Ti is locally of
multiplicative class α in B(k). This implies that each Ti is of multiplicative class α (see [3, Theorem 2.2]). Now,








{Ti \ Ti: i ∈ ω}
)
∈ Σ0α(k).
Whence, T ∈ Π0α(k). Thus, U ⊆ Π0α(k, τ ).
Conversely, take any T ∈ Π0α(k, τ ). Since T is σ -locally of weight < τ+ , we have T =
⋃{Ai: i ∈ ω}, where each Ai is
a closed subset of T and each Ai is locally of weight  τ . Then each Ai ≈⊕{Ai,γ : γ ∈ Γi}, where w(Ai,γ ) τ for every
γ ∈ Γi (see [15]). Since Ai,γ is absolutely of multiplicative class α, it follows from Lemma 6 that Ai,γ is homeomorphic to a
closed subset of B(τ )×Mα(τ ). On the other hand, w(Y ) = τ and Y is nowhere compact. Then the space Y contains a closed
discrete subset of cardinality τ . Hence, Yω contains a closed copy of B(τ ) = τω . Corollary 2 implies that B(τ ) × Q × Yω ≈
Q × Yω . Then each Ai,γ is homeomorphic to a closed subset of Q × Yω . Since Q × Yω ∈ σ LF(Yω), by Lemma 3 we obtain
T ∈ σ LF(Yω). Clearly, T ⊆ B(k). Thus, U ⊇ Π0α(k, τ ).
So, we have U = Π0α(k, τ ). Using Theorem 13, we conclude the proof of the theorem. 
Corollary 9. Let ω τ  k, 3 α < τ+ , and X ∈ Π0α(k, τ ). Then X × Q (k) × Mα(τ ) ≈ Q (k) × Mα(τ ).
Proof. It follows from Theorem 15 that X is homeomorphic to a closed subset F ⊆ Q (k) × Mα(τ ). By construction,
(Mα(τ ))ω ≈ Mα(τ ). It remains to apply Theorem 5 with Z = Q (k) × Mα(τ ). 
Remark 6. In reality, in the proof of Theorem 15 we establish that if ω τ  k and 2 α < τ+ , then h(B(τ )× Mα(τ ),k) ≈
Q (k) × Mα(τ ). Note that the space Q (k) × M2(τ ) ≈ Q (k) × B(τ ) is not absolutely of multiplicative class α = 2; therefore,
in Theorem 15 we deal with α  3.
In the separable case, i.e., k = ω, Lemma 6 and Theorem 16 were obtained by Ostrovsky [12].
Theorem 16. Let 3  α < ω+ . Suppose X ⊂ B(k) is of ﬁrst category, X ∈ Ek, X ∈ Π0α(k,ω), and X is nowhere of additive class α.
Then X is homeomorphic to the space Q (k) × Mα(ω).
Proof. Since X is a σ -locally separable space, we have X =⋃{Xi: i ∈ ω}, where each Xi is a locally separable closed subset
of X . Then each Xi is of multiplicative class α.
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additive class α. It follows from local separability of X j that there exists a separable clopen (in U ∩ X j) subset V of U ∩ X j
such that V is of multiplicative class α but not of additive class α. Now, by the Harrington theorem (see [14, Lemma 3])
the set V contains a closed copy of Mα(ω); hence, X ∈ u(Mα(ω)). As above, X ∈ σ LF(Mα(ω)). By Theorem 6, we have
X ≈ h(Mα(ω),k) ≈ Q (k) × Mα(ω). 
Theorem 17. Let ω  τ  k and 3 α < τ+ . A subset E ⊂ B(k) is a canonical element of additive class α and of type (k, τ ) if and
only if E is homeomorphic to h(B(τ ) × Aα(τ ),k).
Proof. By G we denote the product B(τ ) × Aα(τ ). We shall verify that the family U = {T ⊆ B(k): T ∈ σ LF(G)} coincides
with Σ0α(k, τ ).
Take any T ∈ U . Then T =⋃{Ti,γ : i ∈ ω, γ ∈ Γi}, where each Ti,γ is homeomorphic to a closed subset of G , Ti,γ ∩ Ti,δ =
∅ whenever γ = δ, the set Ti =⋃{Ti,γ : γ ∈ Γi} is closed in T for each i, and each Ti,γ is clopen in Ti . Since w(G) = τ , we
have T ∈ σ LW(<τ+). Since G is absolutely of additive class α, we have that each Ti is locally of additive class α in B(k).
Then each Ti is of additive class α. Whence, T ∈ Σ0α(k). Thus, U ⊆ Σ0α(k, τ ).
Conversely, for any T ∈ Σ0α(k, τ ) we have T =
⋃{Ai: i ∈ ω}, where each Ai is a closed subset of T and each Ai is locally
of weight  τ . Then each Ai ≈⊕{Ai,γ : γ ∈ Γi}, where w(Ai,γ )  τ for every γ ∈ Γi (see [15]). As a closed subset of T ,
each Ai,γ is absolutely of additive class α. It follows from Lemma 6 that each Ai,γ is homeomorphic to a closed subset
of G . Then T ∈ σ LF(G). Thus, U ⊇ Σ0α(k, τ ). So, we have U = Σ0α(k, τ ).
Let E be a canonical element for Σ0α(k, τ ). Then E is a canonical element for U . By deﬁnition, we have E ∈ u(G),
E ∈ σ LF(G), and E is of ﬁrst category. Clearly, E contains a closed copy of Q (k) ∈ Σ0α(k,ω). Then w(E) = k. From Theorem 6
it follows that E ≈ h(G,k).
Conversely, if E ≈ h(G,k), then E ∈ U and U ⊆ σ LF(E). Theorem 12 implies that E is a canonical element for
Σ0α(k, τ ). 
Theorem 18. Let 3 α <ω+ . Suppose X ⊂ B(k) is of ﬁrst category, X ∈ Ek, X ∈ Σ0α(k,ω), and X is nowhere of multiplicative class α.
Then X is homeomorphic to h(B(ω) × Aα(ω),k).
Proof. Since X is a σ -locally separable space, we have X =⋃{Xi: i ∈ ω}, where each Xi is a locally separable closed subset
of X . Then Xi ∈ Σ0α(k). From Lemma 6 it follows that X ∈ σ LF(B(ω) × Aα(ω)).
Take a clopen subset U ⊂ B(k) with U ∩ X = ∅. Under the conditions of the theorem, U ∩ X is not of multiplicative
class α; hence, (U \ X) /∈ Σ0α(k). Assume that each U ∩ (Xi \ Xi) ∈ Σ0α(k). Since α  3, we have








{Xi \ Xi: i ∈ ω}
)
∈ Σ0α(k),
a contradiction. Hence, there exists j such that U ∩ (X j \ X j) is of multiplicative class α but not of additive class α. Then
U ∩ X j ∈ Σ0α(k) \ Π0α(k).
It follows from local separability of X j that there exists a separable clopen (in U ∩ X j) subset V of U ∩ X j such that V ∈
Σ0α(k) \Π0α(k). By the Harrington theorem the set V contains a closed copy of B(ω)× Aα(ω); hence, X ∈ u(B(ω)× Aα(ω)).
By Theorem 6 we have X ≈ h(B(ω) × Aα(ω),k). 
Remark 7. In Theorem 18 we can take any set Y ∈ Σ0α(ω) \ Π0α(ω) instead of B(ω) × Aα(ω). By the theorem of Harrington
(see [14]) Y contains a closed copy of B(ω) × Aα(ω). Lemma 6 implies that B(ω) × Aα(ω) contains a closed copy of Y .
From Theorem 10 it follows that h(B(ω) × Aα(ω),k) ≈ h(Y ,k).
If had embedding theorems for the sets Mα(τ ) and Aα(τ ) with τ > ω, we would prove theorems (similar to Theorems 16
and 18) about extended Borel sets for nonseparable ordinals α.
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